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Abstract 
This thesis is concerned with the the effects of random cavity spacings 
upon creep rupture by intergrangular cavitation. This is done by using the 
basic Hull & Rimmer model without the assumption of periodical void spacing. 
We consider a 2-D model consisting of circular voids having a uniform random 
spatial distribution along the grain boundary of a bicrystal. 
We solve the governing equations for the chemical potential numerically 
using the finite elernent technique. Moreover, the vacancy production rate and 
the cavity growth rate can also be obtained. 
It is found that there is not much difference in vacancy production rate 
between the cases of random void spacing and periodic void spacing. This 
result is somewhat different from the result of the 1-D model of Fariborz, 
Harlow, and Delph. 1Iowever the vacancy production rate with random cavity 
spacing is somewhat larger than that with periodic cavity spacing. 
1 
\ / 
1.1 General 
Chapter 1 
Introduction 
The failure of metals and ceramics in high-temperature service has been 
studied extensively and is a formidable technical problem to which much time 
and effort has been devoted [ l]. Since the pioneering work of Greenwood and 
his co-workers in the early 1950s [ 2], it has been widely believed that the 
principal of high-temperature creep 
. 
IS the formation of fracture cause 
intergranular cavities and cracks under tensile loading. lntergranular fracture at 
elevated temperature is usually caused by the initiation, growth and coalescence 
of intergranular cavities. The first detailed analysis of intergranular creep 
cavity growth was presented by Hull and Rimrner [3]. For their rnodel, they 
assumed a rectangular array of equisized spherical cavities lying in a plane 
defined by the grain boundary. They also assumed that cavity growth during 
the whol<' process is in the quasi-<'quilibriurn state, so that the surface diffusion 
is rapid enough for cavities to rPtain their rounded equilibrium shape. 
Furtherrnore, the n1odel neglects the influence of creep flow and assumes a rigid-
body separation of adjacent grains. 'l'he basic 11 ull-Rirnn1er model has been 
rnodified by subsequPnt work [4], [5], [6], which has removed some of the 
ass urn ption rn<·n tioned above. Most of these developrnen ts have been 
surr1rnarized in a recent survey article by Svensson and Dunlop [7]. llowever 
the assumption of periodic void spacing has still been retained. While such an 
assumption sin1plifics and facilitates the analysis, it 
. 
IS not consistent with 
experimental observation. Jlecent work of }i'ariborz, Harlow, and Delph [8] has 
2 
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' 
taken into account the effects of randomly spaced cavities in one dimension and 
found some interesting results. One significant feature of their model is that 
the mean failure time is 2-6 times larger than that predicted by the standard 
cavity growth model 1• This is because the predicted vacancy production rate 
with randomly located voids is much smaller than that with periodic spaced 
voids. That leaves us the interesting question as to whether or not this is also 
true in the two-dimension al situation. 
In this thesis we . examine the effects of random void spacing in two 
dimension~ :F'or simplicity, the basic Hull-Rimmer model will still be employed 
except for the assurnption of periodic void spacings. That is, the grains are 
considered to be essentially rigid without any deforrnation of the crystalline 
boundary and cavity growth will still be assurned to proceed in the quasi-
equili bri urn condition. Not only the abandonment of the assumption of 
equispaced voids, but also the two dimensional character of the rr1odeling make 
the problem a complicated one, because the growth of each void depends in a 
cornplex n1anncr on what is happening at the adjacent voids. liccause the 
problem is too complicated to be solved in closed forrn, we make use of the 
finite element method. 
1The standard cavity growth rnodel is the model which all cavities are taken to be periodically 
spaced and nucleation is ignored, i.e., the rr1odel developed by Hull & Rimmer. 
3 
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Chapter 2 
Analysis 
2.1 The Void Growth Model 
We consider the configuration shown in Fig 2-1, consisting of a perfect 
bicrystal having a square cross section with sides of length L. The grain 
boundary of the bicrystal contains nine equisized voids of radius a located at 
randorr1 points along the square cross section. 
The bicrystal is considered to be loaded with a rernote uniaxial tensile 
stress a applied normal to the grain boundary. According to the basic Hull-
o 
Rimmer model, growth of the voids is assumed to proceed by diffusive transport 
of matter from the surface of voids to the grain boundary. The assumption of 
. 
quasi-equilibriurn void growth implies that the voids arc circular in the plane of 
the grain boundary, and that they have the shape of spherical caps. 
Abandonment of the assumption that the voids are periodically spaced will 
be seen to rcquir<J additional terrns in the equation for the chemical potential. 
In any case, thf' diffusion of vacancies along the grain boundary is assurr1ed to 
be governed by [7]: 
Where 
J b is the vacancy flux, a vector quantity 
expressed as the nurnber of vacancies per unit tirne crossing 
a" unit length of grain boundary norrnal to the flux vector. 
Db is the grain boundary diffusivity. 
ob is the grain boundary thickness. 
k is the Boltzmann's constant. 
T is temperature (assumed constant). 
fl is the atomic volume 
4 
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Figure 2-1: Bicrystal With Randomly Distributed Voids 
j 
' 
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µ is the chemical potential of vacancies in the grain boundary. 
As noted earlier, diffusion along the surface of the voids is assumed to 
proceed at a rate which is essentially infinitely more rapid than that along the 
grain boundary. If we now take (3 to be the vacancy production rate within a 
unit area of grain boundary, then conservation of vacancies requires 
with boundary conditions 
µ(± L/2 1 ± L/2)=0 
and 
µ = 21 0./a ~ 
on the periphery of each void. 
(2.2) 
If we let Z=(O kT/Dbc5b) ,then µ is related to the vacancy production rate 
by the fallowing equation 
where Z = (0. kT /Dbob) =-~ canst. W c now nondimrnsionalize equation (2.5) 
1'aking the or1g1n at the center of the cross-section, we nondimensionalizc 
the coordinate X and Y by 
X y 
X - - y -- l --L L 
2 2 
'J'hen, equation ( 2.6) beco1T1es 
:.i2-
u µ. 
ay2 
- -{3/4 
------------ ------------· _,_ ----·----· 
., 
(2.7) 
6 
{2.3) 
(2.4) 
(2.5) 
( 2.6) 
? 
0 (J 
.\' 
0 
L/2 
L 
Figure 2-2: Square Cross Section Geometry of The Test Material 
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The vacancy production rate is related to the time rate of change of the 
grain boundary thickness by 
The assurr1ption that the 
boundary thickness, or its' rate, 
Hence, we may write 
/3 =-Ax --t-By ~ C~ 
• grains 
. . 
JS ln 
move rigidly implies that the grain 
general a linear function of x and y. 
(2.9) 
where A, 11 and C are to be determined by conditions of rnechanical 
equilibrium. 1"'hen equation ( 2. 7) becomes 
The 
and 
r72 V µ -
A B C 
--x--y--
4 4 4 
or 
a2p, a2µ A B C 
+ - ---x --y - --
ox2 ay2 4 4 4 
boundary conditions are, from 
µ( J I 1 -i 1 ) =- 0 
/l 
CJ a 
0 
equations 
on the periphery of each cavity. 
8 
(2.10) 
(2.11) 
( 2.3) and (2.4) 
(2.8) 
-------------------·---···---. 
·-- ------·-··-·-·---···-------- -----·---------- --·-·- -······· +, ---·--------------
2.2 Superposition Techr1ique 
In order to solve the nondimensional governing equation (2.11), we use a 
superposition technique as follows: 
Let 
A B C 
µ - -4µ1 - 4µ2 -- 4~ + µH (2.12) 
where 
' ' 
(2.13) 
where on the outer boundary S of the s~e cross section, we must have 
µ1(±1 1 ±1) = µ2(±1, ±1) - 11:3(±1, ±1) = µH(±l, ±1) = 0 
and on the periphery of the voids R., we must have 
I 
2, 
s 
<J a 
0 
Then we can solve a total of four problems as follows. 
1 n2--
. V µ 1 = X , µ-c on S 
on R ,i.e.-: J ,2, ... ,9 
l 
µ-~{: on S 
on R ,i=l,2, ... ,9 
l 
µ=G on S 
on R,£=1,2, ... ,9 
l 
{ o on S 
~= 21 Oja on R ,i=l,2, ... ,9 s l 
(2.14) 
(2.15) 
We now need to determine the constants A, H, and C, wh1ch arc related 
to the vacancy production rate /3. Jn the gcnPral case of non-periodically spaced 
voids, three cquilibriurr1 equations derived from force cquilibriurn in the loading 
direction and moment equilibrium about the x and y axis are required, and 
these suffice to determine A, B, and C. 
9 
The normal stress a on the grain boundary is related to the chemical 
zz 
potential as follows. 
µ(x,y) 
(J zz(x,y)= 11 
Due to force equilibrium along the z direction, we have 
(2.16) 
where A =L2 is the area of the square cross-section. 
s 
That is, 
J J a j x, y) d X d Y =0 a A c z.... 0 ,.:J (2.17) 
or 
(2.18) 
With the nondirr1ensionalizations introduced previously, this becomes 
j j µ(x,y)dxdy ~ 4 (2.19) 
In a similar way, rr1oment equilibriurr1 with respect to the x-axis and y-
axis must be satisfied. About the x axis 
J J Ya,,(x,y)dXdYcO 
or 
J J yµ(x,y)dxdysO 
and about the y-axis 
----------------· __________ ,, ______ ---------·- - - ..... 
(2.21) 
(2.22) 
10 
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(2.23) 
J J Xuzz(x,y)dXdY=O (2.24) 
or 
J J xjt(x,y)dxdy=O (2.25) 
A combination of equations (2.19), ( 2. 22) ,(2. 25) now yields a set of linear 
simultaneous equations in the constants A, B, and C whose solution gives the 
constants in the expression for the vacancy production rate, equation (2. 7) 
(2. 26) 
2.2.1 Cavity Growth Rate 
Given the chcrnical potential µ.( x ,Y), tJH~n f rorn equation (2.1) the vacancy 
flux vector is 
and hence v.J b would be the number of vacancies per unit tin1e crossing a line 
segn1cnt of unit length with normal vector iJ. 1'hcn the time rate of changP of 
the volurne of a given void can be determined by integrating the quantity {1v . .J b 
around the J>eriphery of the void. This leads to 
dVi f 21r aµ 
dt=(Dbbb/kT) Jo aRds 
where R2=X2+ Y2 
11 
·-------------- -·---···-·-·--· --·-------
/' - -
(2.27) 
(2.28) 
Nondimensionalizing by 
µ 
µ= 
flu 0 
, ds 
ds =-
L/2 
R 
r= 
L/2 
fla 0 
l = ( )t 
z 
. ' . 
The volume of a 
given by, [9], 
void of radius a in the plane of the grain boundary is 
,.. 
where 1/J is the void tip angle and 
1 cos ( t/;) 
h(,/J)=( + )/sin (TP) 
1 +cos ( tj,) 2 
Hence, if we nondimensionalize a by 
a 
a= 
L/2 
the cavity gro\\rth rate is 
2.3 The Finite Element For1nula.tio11 
,, 
(2. 29) 
In order to get the constants A, B and (~ in equation (2.26), we have to 
solve equations (2.15) and then evaluate the integral ter1n in equations (2.26). 
Equations (2.15) arc f>oisson type equations with thP general form 
a2µ. a2µ 
- + -- F(x,y) 
ax 2 ay2 (2.30) 
13Pcause of the complicated geornetry, we choose to solve equations (2.15) 
by the finite element method. By Galer kin's method, equation (2.30) gives 
12 
) 
ff a2- a2-D [ µ + µ - F( x, y) ] Ni ( x, y) d x d y = 0 
ax2 ay2 
where the Ni(x,y) are the finite elernent interpolating functions. 
application of the divergence theorern, equation (2.31) becomes 
Bµi)N ajii)N. ff D( z + 2 -t F( x,y)N.)dxdy axax ayay t 
f a11 a11 =-- c(-N.n +-N.n )ds ax t X ay t y 
(2.31) 
By an 
(2.32) 
where n and n are the components of the normal vector to the contour 
X y 
C surrounding the area D. By virtue of the geometri~ boundary conditions 
imposed along the periphery of the voids and along x= :±- I or y =± 1, the 
contour integral along C vanishes. If we now replace the che1nical potential µ 
with the finite element approximation 
n 
µ ~ L Ni ( X, y) µi 
i= 1 
then equation (2.32) has the following form. 
n II rJNdN. oN.aN. ff 
--...... z J z JL µi [) ( ' ' j . ' ) d X d y ::c_ - D ( F( X' y) Ni) d X d y 
. , . dx dx dy dy 
J 1 
(2.33) 
In rnatrix forrn, this may be written as 
i KI {A} - { I?} (2.34) 
,vherP [K] is the coefficient rnatrix whose elements arP 
/.1 dN.iJN. dN.cJN. z J z J K O ( t )dxdy ij D ::i O .:.:i !:i 
. ' UT X uy uy 
(2.35) 
and { 1{} is t.he right hand side vector defined by 
(2.36) 
In the results to be presented subsequently, the eight-noded isoparametric 
13 
----------------------- . --· - . 
.. 
I 
\ 
quadrilateral element was used, along with 3 x 3 Gaussian integration to 
evaluate the necessary integrals. 
---
14 
Chapter 3 
Results 
3.1 Verification Of Finite Element Model 
In order to verify the finite element code, we first analyze the case of a 
single void with axisymmetric boundary conditions, so that 
• 
and 
dµ (-\/2) = 0 
dR 
Then the governing differential equation (2.5) in polar coordinates becomes 
with 
and 
d2µ Idµ _ 
-+ --- {3 
dr2 rdr 
r=2R/-\ 
Z(-\/2) 2 {3 ~. /3 
Ocr 
u 
By the superposition technique described previously, we · may express the 
chen1ical potential as follows. 
( 3. I) 
where 
d2µ3 1dii3 
---+- - 1 
dr2 rdr 
(3.2) 
with 
- I -o µ3 r=2a/ >.-
15 
' 
,j~ J 
dllj 
-1 =0 dr r=- 1 
and 
with 
d2 µII 1 dµI/ 
---j -- 0 
drz r dr 
2, 
., 
µ I ~-11 r=-2a/ >. a a 
0 
• 
(3.3) 
Solving equations (3.2) and (3.3), we can get the analytical solutions for ~ and 
~ as follo\vs. 
µH ~ 
2, 
s 
a a 
0 
( 3 .4) 
(3.5) 
By force equilibrium, we require that the chemical potential satisfies the 
follo\\-·ing equation. 
'.2 lfj >./2 2 
- µ ( R) lld fl =- a A = 1r (J ( ,\ / 2) 
() 0 S 0 
~" a 
or in nondi mensional tern1s 
27r A j 1 
-(-) 2 µ(r)rdr 
fl 2 2a/>. 
'I' i . 
_ nat. 1s, 
{' µ(r)rdr 
l2a/>. 
1 
'.2 
a ,4 - (J n ( ,\ / 2 ) 2 u., (), 
Substitution of equations (3.1), (3.3), (:~.4) yields 
16 
16, 2a 2 8 - [ 1-(-) ] 
ua ,\ 
/3 2a 2a 
4ln (,\/2a)-l3-~(-) 2][1-(-)2] 
,\ ).. 
Furthermore, equation (2.29) gives 
da 
dr 
with ~ 2a/ >.. 
7r fl - 2 
----/3(1-a) 
3h( tt,)a2(>../2) 3 
3.2 Single Void Finite Element Model 
(3.6) 
(3. 7) 
We now create a single void finite element model for the problem in 
previous section. We take advantage of the symmetric character of the single 
circular void and just analyze one-eighth of the whole void. The finite element 
mesh for the single void is shown in figure 3-1. 
The following constants appropriate to copper, [9], are used in the 
analysis: ,= 1.0 N-m, fl= l .Ox 10·29 m3 , and t/J= 1.38 rad. Furthermore we take 
u 0 =--2.5x108 MPa, a=15 µm, and >../2=100 µm. 
f'ro1n the analytical solution, equation (3.6), we obtain {3-1.71. 'fhe finite 
element solution yields /3 =1.72, which is in excellent agreement. 
In a similar way we can obtain the nondin1ensional cavity growth rate for 
si nglr void from the analytical solution (equation ( 3. 7)) and also f rorn the 
nu rnerical solution. The value from the analytical solution is 8 .17x1o- 16 and the 
value fron1 the finite elen1ent code is equal to 6.78xl(r 16. 
1'he two results differ by about 17%, which is sufficiently accurate for our 
purposes. 1'hese results imply that the finite element formulation presented here 
should yield reasonably accurate estimates of the vacancy production rates and 
the cavity growth rates for arbitrary spatial distributions of cavities. 
17 
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Figure 3-1: One-Eighth Circular Void Mesh 
3.2.1 Nine Equispaced Voids Case 
We now consider the case of nine equisized voids with equal spacing 
between adjacent voids. As discussed in section (2.1 ), the voids occupy the 
grain bound~ry of a square bicrystal whose sides are of length L. The finite 
element mesh for this problem is sho\vn in Fig 3-2, and the governing equations 
are those presented in Chapter 2. 
We check the results from the central void against the axisymmetric 
18 
analytical solution presented in Section 3.1, expecting that there should be a 
reasonable degree of agreement between the two. Taking account of the 
differing nondimensionalizations, the axisymmetric vacancy production rate is 
61.5 and the result of finite elernent code was A=-l.Olx10" 5, B=2.32x10· 11 and 
C=92.8. Because of the symmetry of the geometry, the constants A & B 
should be expected to be rnuch smaller than C. This was in agreement with our 
results from the finite elen1ent code as shown in table 3-1. The vacancy 
production rate predicted by the finite element code is about 33% higher than 
that obtained from the axisyrnmetric model. Considering the fact that the 
geometry analyzed really is not axisymmetric, these two values are felt to be in 
reasonable agreement. 
The value for cavity growth rate is also obtained as described previously. 
The analytical cavity growth rate for the axisymmetric single void is 2. 72x 10-16 
while the growth rate for the central void from the finite element results is 
4.10x10" 16 . Most of the discrepancy between these two results is due to the 
difference in vacancy production rates discussed in the previous paragraph. 
These results again tend to verify the results of the finite element code. 
3.3 Random Void Spacing Cases 
\\7e now consider the case where the nine equisized voids are taken to be 
randornly located on the grain boundary. A total of ten cases were considered, 
each with a different distribution of voids. ln each case, the x and y 
coordinat(~s of the voids were generated by a uniforrn random number generator, 
subject to the restriction that the voids not overlap. 
The finite element mesh for the case of randomly spaced voids is difficult 
to generate by hand because of the complexity of the geometry. Hence we 
19 
\ 
I 
,.. 
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. 
rnade use of the PATRAN preprocessor, [IO], [II] to generate the finite element 
-· 
mesh and to prepare the input data. Even though the mesh used was relatively 
coarse, the resulting coefficient matrix was fairly large. Hence we've used the 
SMP AK sparse matrix subroutine to save computer memory. The finite element 
mesh for each case is shown from Fig 3-3 to Fig 3-12. The results of vacancy 
production rate calculations and cavity growth rates for each case are also 
tabulated in tables 3-1 to 3-12. 
' 
Case NO. A B C 
SYS9 -1.01x10-5 -2.32x10· 11 92.8 
CASE#! 25. 7 I 1.9 122 
CASE#2 21.0 10.1 110 
CASE#3 I 3.0 39.1 121 
CASE#4 -4.3 19.1 124 
CASE#5 -4.5 I 1.8 100 
CASE#6 7.5 -4.5 120 
CASE#7 -20.1 -15.H 123 
CASE#B 14 .0 2 r: ... ;J. ' 11 I 
CASE#9 22.8 -12.5 102 
CASE#lO 25.6 -34.3 113 
Table 3-1: Constants A, B and C in the vacancy production rate 
20 
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1 
I 
Figure 3-2: 9 Symmetrical equisized voids 
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--------------------·---·-----··- ···-
----------·--··-- -··-· 
Void No. Cavity Growth Rate x 10· 16 
1 2.16 
2 3.15 
3 2.16 
4 2.92 
5 4.15 
B 2.92 
7 2.16 
8 3.15 
g 2.16 
Table 3-2: Cavity Production Rate For 9 Equispaced Voids Case 
22 
Figure 3-3: Randomly located 9 voids case# 1 
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---------
-----·------·---
-----··--
-------·----
Void No. Cavity Growth Rate x 10·16 
1 2.38 
2 3.16 
3 3.15 
4 3.47 
5 3.44 
6 3.56 
7 3.35 
8 3.07 
g 3.00 
Table 3-3: Cavity Production Rate For 9 Randomly Spacing Voids Case# 1 
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Figure 3-4: Randomly located 9 voids case#2 
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Void No. Cavity Growth Rate x 10-16 
1 3.71 
2 3.67 
3 2.15 
4 3.06 
5 4.28 
6 3.33 
7 2.98 
8 3.94 
g 2.33 
Table 3-4: Cavity Production Rate For 9 Randomly Spacing Voids Case# 2 
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Figure 3-5: Randomly located 9 voids case#3 
' j 27 
'·'·• 
Void No. Cavity Growth Rate x 10·16 
1 3.23 
2 3.07 
3 2.83 
4 3.32 
6 2.64 
6 3.85 
7 2.41 
8 3.36 
g 3.31 
Table 3-5: Cavity Production Rate For 9 Randomly Spacing Voids Case#3 
' \ 28 
Figure 3-6: Randornly located 9 voids case#4 
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Void No. Cavity Growth Rate x 10·16 
1 3.16 
2 3.36 
3 2.54 
4 3.33 
6 3.84 
6 3. 73 
7 3.03 
8 2.95 
g 2.93 
Table 3-6: Cavity Production Rate For 9 Randomly Spacing Voids Case#4 
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------------------------------------------------------------ ----------- ----·- ------
t 
Figure 3-7: Randomly located 9 voids case#5 
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Void No. Cavity Growth Rate x 10·16 
1 1.88 
2 3.40 
3 1.65 
4 2.90 
5 4. 71 
6 2.58 
7 3.53 
8 2.36 
g 2.21 
Table 3-7: Cavity Production Rate For 9 Randomly Spacing Voids Case#5 
• 
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Figure 3-8: Randomly located 9 voids case#6 
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Void No. Cavity Growth Rate x 10· 16 
1 2.98 
2 2.51 
3 2.91 
4 3.47 
6 3. 77 
6 2.85 
7 3.25 
8 2.95 
g 3.34 
Table 3-8: Cavity Production Rate For 9 Randomly Spacing Voids Case#6 
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, 
Figure 3-9: Randomly located 9 voids case#7 
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i 
' Void No. Cavity Growth Rate x 10·16 
1 3.04 
2 3.02 
3 2.86 
4 2.63 
6 3.21 
6 3.15 
7 3.22 
8 3.13 
9 3.08 
Table 3-9: Cavity Production Rate For 9 Randomly Spacing Voids Case#7 
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Figure 3-10: Randomly located 9 voids case#8 
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~·· 
l Void No. Cavity Growth Rate x 10· 16 
1 2.99 
2 2.93 
3 2.07 
4 3.70 
5 2.86 
6 3.08 
7 2.29 
8 3.22 
9 2.53 
Table 3-10: Cavity Production Rate For 9 Randornly Spacing Voids Case#8 
I 
, 38 
Figure 3-11: Randomly located 9 voids case#9 
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---·--·------ ________ ,...,. __________ _ 
'.I 
n 
Void No. Cavity Growth Rate x 10· 16 
1 2.56 
2 3.31 
3 3.98 
4 3.27 
5 2.54 
6 3.06 
7 2.13 
8 2.55 
g 1 .54 
Table 3-11: Cavity Production Rate For 9 Randomly Spacing Voids Case#9 
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Figure 3-12: Randomly located 9 voids case#lO 
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1 Void No. 
1 
2 
3 
4 
5 
B 
7 
8 
' 
g 
Table 3-12: 
Cavity Growth Rate x 10-16 
2.51 
3.:10 
3.07 
3.32 
4.26 
2. 70 
3.27 
3.25 
2.01 
Cavity Production Rate f'or 9 R,andomly 
Spacing Voids Case# 10 
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Chapter 4 
Discussion 
From the results given in Chapter 3, we find that the mean value of the 
constant term C in the vacancy production rate for the cases in which the voids 
are taken to be randomly located is equal to 114 .6, with a standard deviation 
of 8. 77, while the vacancy production rate for the equispaced case is 92.8. 
Ilence the mean vacancy production rate for the randomly located voids case is 
only about 20% greater than that for the equispaced case. This is considerably 
different frorn the results of the one-dimensional analysis of Fariborz, Harlow, 
and Delph, [8], where the vacancy production rate for randomly spaced voids 
was found to be much less than that for equispaced voids. It is thus surmised 
that this is an effect of the one-dimensional nature of the problem analyzed by 
Fari borz, Harlow, and Delph, [ 8], and was not a result of general validity. 
It was moreover found that the values of the constants A and B in the 
expression for the vacancy production rate, equation ( 2. 9), are only about 10% 
of that of (~. This indicatc's that the cff ect of grain boundary rotation is 
considerably less irnportant than that of uniforrn grain boundary thickening. A 
similar result was noticed in the one-din1ensional case, [8]. 
Also calculated were the rnean value and the standard deviation of the 
cavity growth rate for randornly located voids. The rnean value is equal to 
:~ .04 x 1 er 16 with a standard deviation of 0.57 x 10- 16 while the cavity growth rate 
for tlic· central void of equispaced voids is 4.lOxl0- 16 . fly way of comparison, 
the cavity grov.,th rate for the single void is 2.72xl0" 16 . Hence, we found that 
the mean cavity growth rate for randomly located voids is about 7 4 % of the 
value obtained for the central void in the equispaced case. However there was 
43 
reasonably good agreement between the mean growth rate for 
the randomly 
spaced cases and the analytical solution for the axisymmetric case
. In fact, the 
solution to the axisymmetric case is often used in analytical studie
s. 
Another interesting result is that the cavity growth rates for 
randomly 
located voids are distributed according to a Weibull distribution.
 The Weibull 
distribution plot for the cavity growth rates of randomly located 
voids is shown 
in figure 4-1, with the 95% confidence bands shown to either sid
e of the least 
squares linear fit of the data. 
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Figure 4-1: Weibull plot of cavity gro,vth rates with 90% confidence bounds. 
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